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Bonding with ﬁber reinforcements can increase the stiﬀness of elastic layers only when the elastic layer is compressed.
Fiber loses its rigidity when it is not stretched. The procedure to include this ‘tension-only’ nonlinearity in the deformation
analysis of the ﬁber-reinforced bearing is developed. In the elastic layers bonded with tension-only reinforcements, the
responses to the compression force and the bending moment are coupled unless the reinforcements are entirely in tension.
The coupled relation, which is not linear, depends on the length of the tension zone in the reinforcement. Increasing the
compression force on the bearings will extend the tension zone in the reinforcements and enhance the stiﬀness of the bear-
ing, but the compression force may add more bending moment to the bearings and increase the lateral deformation. The
vertical buckling load of the bearings with tension-only reinforcements varies with the lateral force and is smaller than the
buckling load of the bearings with linear reinforcements.
 2008 Elsevier Ltd. All rights reserved.
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A laminated elastomeric bearing consists of elastomeric layers bonded to interleaving reinforcing sheets.
High stiﬀness of reinforcements restrains the lateral expansion of elastomeric layers and results in higher com-
pression stiﬀness in the vertical direction normal to the layer than an elastomeric layer without bonding to
reinforcements. By this characteristic, the laminated elastomeric bearing can provide high vertical rigidity
to sustain gravity loading, while still providing the same horizontal ﬂexibility of the elastomer without
bonding.
Traditional bearings use steel plates as reinforcement. To analyze the stiﬀness of the steel-reinforced bear-
ings, the steel reinforcement is treated as completely rigid. The compression stiﬀness and tilting stiﬀness of a
single elastomeric layer bonded between two rigid plates have been derived for diﬀerent shapes of bearings.0020-7683/$ - see front matter  2008 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ijsolstr.2008.01.003
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(Gent and Lindley, 1959; Gent and Meinecke, 1970; Kelly, 1997). For nearly incompressible materials, such as
rubber, the assumption of complete incompressibility tends to overestimate the stiﬀness of the bonded rubber
layer when the shape factor (deﬁned as the ratio of the one bonded area to the force-free area) is high. Includ-
ing the eﬀect of bulk compressibility can overcome this problem (Chaihoub and Kelly, 1990, 1991; Kelly,
1997). For the compressible elastic layers, there are several stiﬀness solutions for diﬀerent shapes of the bear-
ings (Lindley, 1979a,b; Koh and Kelly, 1989; Koh and Lim, 2001; Tsai, 2003, 2005, 2007a; Tsai and Lee, 1998,
1999), which are suitable for materials of any Poisson’s ratio.
Steel-reinforced bearings are heavy and expensive. Replacing steel reinforcements with ﬁber reinforcements
can signiﬁcantly reduce both the weight and the cost of bearings (Kelly, 1999, 2002). The ﬁber reinforcements
have high stiﬀness but cannot be assumed to be completely rigid. The in-plane ﬂexibility of the reinforcements
must be considered in the analysis. The compression stiﬀness and tilting stiﬀness of the bearings with incom-
pressible elastomeric layers and ﬂexible reinforcements were derived for diﬀerent shapes (Kelly, 1999; Tsai and
Kelly, 2001, 2002a,b). For the nearly incompressible elastomeric layers, bulk compressibility was included in
the stiﬀness analysis for the ﬁber-reinforced bearings of the inﬁnite-strip shape (Kelly, 2002; Kelly and Tak-
hirov, 2002). Recently, the compression stiﬀness and tilting stiﬀness of the bearings with compressible elastic
layers of any Poisson’s ratio and ﬂexible reinforcements were derived for the inﬁnite-strip shape (Tsai, 2004)
and the circular shape (Tsai, 2006, 2007b).
The ﬁber reinforcement can provide the in-plane stiﬀness when it is stretched, but loses the rigidity when
compressed. The reinforcement possessing this kind of nonlinear property is referred to as ‘tension-only’ rein-
forcement here. In the ﬁber-reinforced bearings, the ﬁber is stretched when the attached elastic layer is in com-
pression, and is compressed when the attached elastic layer is in tension. Therefore, in the ﬂexural analysis of
ﬁber-reinforced bearings, the deformation of reinforcements is not linear unless the vertical loading of the
bearing is so heavy that the elastic layers are entirely in compression. The previous studies on the tilting stiﬀ-
ness of ﬁber-reinforced bearings do not consider this nonlinear eﬀect and assume the deformation of reinforce-
ments to be linear, which is referred to as ‘linear’ reinforcement here.
In this paper, the eﬀect of bulk compressibility in the elastic layers and the eﬀect of ‘tension-only’ nonlin-
earity in the reinforcements are considered in the ﬂexural analysis of ﬁber-reinforced bearings. The reinforce-
ments in the deformed bearing are assumed to remain planar. The bonded elastic layers deform according to
two kinematics assumptions: (i) planes parallel to the reinforcements before deformation remain planar after
loading; (ii) lines normal to the reinforcements before deformation become parabolic after loading. The stiﬀ-
ness of a single elastic layer bonded with linear reinforcements is derived ﬁrst. Then, the method to solve the
stiﬀness of the elastic layer with tension-only reinforcements is developed, which is applied to calculate
the displacement of the bearings subjected to the vertical compression and horizontal shear forces. Finally,
the stability analysis of the bearings, which includes the shear deformation eﬀect, is carried out.
2. Governing equations
An elastic layer in the inﬁnite-strip bearing, which has a width of 2b and a thickness of t, is shown Fig. 1.
The top and bottom surfaces of the elastic layer are perfectly bonded to ﬂexible reinforcements of thickness tf.Fig. 1. Deformation of elastic layer bonded between reinforcements.
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inﬁnite-long direction. The length of the bearings of inﬁnite-strip shape is much larger than the other dimen-
sions, so that the deformation of the bearing is assumed to be in plane strain state and only a unit length of the
bearing is analyzed. Under a compression force P and a pure bending moment M, the thickness of the elastic
layer is reduced by D; the top and bottom reinforcements rotate to form an angle /. The displacements of the
elastic layer along the x and z directions, denoted as u and w, respectively, are assumed to have the formuðx; zÞ ¼ u0ðxÞ 1 4z
2
t2
 
þ u1ðxÞ ð1Þ
wðx; zÞ ¼ ðDþ /xÞ z
t
ð2Þin which u1 represents the horizontal displacement of the reinforcements; the term of u0 represents the addi-
tional bulging or shrinking displacement in the elastic layer which is assumed to be parabolic. The vertical
displacement in Eq. (2) fulﬁlls the assumption that planes parallel to the reinforcements remain planar.
For isotropic elastic layers, the mean pressure p has the following relation with the displacementspðx; zÞ ¼ jðu;x þ w;zÞ ð3Þ
where j is the bulk modulus of the elastic layer, and the commas imply diﬀerentiation with respect to the indi-
cated coordinate. The eﬀective pressure p is deﬁned aspðxÞ ¼ 1
t
Z t=2
t=2
pðx; zÞdz ð4Þwhich becomes, when using the displacement assumptions in Eqs. (1) and (2)p
j
¼  2
3
u0;x  u1;x þ Dt þ
/
t
x ð5ÞBy the principle of virtual work,PdDþMd/ ¼
Z b
b
Z t=2
t=2
rzzdezzdzdx ð6Þwhere rzz, the normal stress of the elastic layer in the z direction, has the formrzz ¼ E
1þ m 
m
1 2m
p
j
þ w;z
 
ð7Þwith E and m being the elastic modulus and Poisson’s ratio of the elastic layer, respectively. Since the virtual
strain isdezz ¼  1t ðdDþ xd/Þ ð8Þthe compression force and bending moment acting on the elastic layer becomeP ¼ 
Z b
b
rzzdx ð9Þ
M ¼ 
Z b
b
rzzxdx ð10Þwhere rzz is the eﬀective vertical stress deﬁned asrzzðxÞ ¼ 1t
Z t=2
t=2
rzzðx; zÞdz ¼  E
1þ m
m
1 2m
p
j
þ D
t
þ /
t
x
 
ð11ÞIntegrating the equilibrium equation of the elastic layer in the x direction through the thickness of the elas-
tic layer leads to
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j
¼ 1 2m
2ð1 mÞ 
8
t2
u0 þ /t
 
ð12ÞThe boundary condition of the normal stress at the edge of the elastic layer is rxx(±b,z) = 0. Substituting Eq.
(1) into this boundary condition and then integrating through the thickness of the layer givespðbÞ
j
¼ 1 2m
1 m
D
t
 b/
t
 
ð13ÞThe thickness of the reinforcements is much smaller than the thickness of the elastic layers, so that the stress
in the reinforcements can be regarded as being in plane stress state within x–y plane. Let Nxx be the normal
force in the x direction acting on a unit length of the reinforcement which has the following relation with the
displacement of the reinforcementNxxðxÞ ¼ Ef tf
1 m2f
u1;xðxÞ ð14Þwith Ef and mf being the elastic modulus and Poisson’s ratio of the reinforcement, respectively. The internal
forces acing on the reinforcement have the following equilibrium equation (Tsai, 2004)Nxx;x þ sxzðx;t=2Þ  sxzðx; t=2Þ ¼ 0 ð15Þ
where sxz(x,  t/2) and sxz(x,t/2) are the bonding shear stresses generated by the elastic layers bonded to
the top and bottom, respectively, of the reinforcement. Eq. (15) can be revised, from Eqs. (1), (2) and
(12), asNxx;x ¼ Et
1þ m
1 m
1 2m
p;x
j
 /
t
 
ð16ÞIntegrating Eq. (16) from x to b and using the boundary conditions Nxx(b) = 0 and pðbÞ in Eq. (13)
lead toNxx ¼ Et
1þ m
1 m
1 2m
p
j
 D
t
 /
t
x
 
ð17ÞThe shape factor of the bonded elastic layer in inﬁnite-strip shape is deﬁned asS ¼ b
t
ð18ÞThe ratio of the elastic layer stiﬀness to the reinforcement stiﬀness is deﬁned asR ¼ Etð1 m
2
f Þ
Ef tf
ð19ÞSubstituting u0,x, obtained from Eq. (12), and u1,x, obtained from Eqs. (14) and (17), into Eq. (5) leads top;xx
j
 a2 p
j
¼ 6 S
2
b2
1 2m
1 m 1þ
R
1þ m
 
D
t
þ /
t
x
 
ð20Þwitha ¼ S
b
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
6
1 2m
1 m þ
R
1þ m
 s
ð21ÞThe solution of Eq. (20) has a general formp
j
¼ A cosh axþ B sinh axþ 1 2m
1 m 1þ
6mS2
ð1 mÞa2b2
 
D
t
þ /
t
x
 
ð22Þwhere A and B are constants determined from the boundary conditions of p.
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The solutions derived in this section are applicable to bearings with reinforcements which can sustain ten-
sion and compression forces and have compression stiﬀness equal to tension stiﬀness, referred to as ‘linear’
reinforcements here. Using the boundary conditions pðbÞ and pðbÞ shown in Eq. (13), the solution of p in
Eq. (22) can be derived. Then, substituting this derived p into Eq. (11) givesrzz ¼ E
1 m2  1þ
6m2S2
ð1 mÞa2b2
 
D
t
þ /
t
x
 
þ 6m
2S2
ð1 mÞa2b2
D
t
cosh ax
cosh ab
þ b/
t
sinh ax
sinh ab
  
ð23Þfrom which, using Eqs. (9) and (10), the compression force and bending moment are found asP
Eb
¼ 2D
t
1
1 m2 1þ
6m2S2
ð1 mÞa2b2 1
tanh ab
ab
  
ð24Þ
M
Eb2
¼ 2
3
/
t
b
1
1 m2 1þ
6m2S2
ð1 mÞa2b2 1
3
ðabÞ2
ab
tanh ab
 1
 " #( )
ð25Þwhich indicate that compression force and bending moment are not coupled. The compression force is only
related to thickness reduction, while the bending moment is only related to sectional tilting.
Using Eq. (17), the normal force in the reinforcement can be found asNxx ¼ 6EmS
2
ð1 m2Þa2b2 D 1
cosh ax
cosh ab
 
þ b/ x
b
 sinh ax
sinh ab
  
ð26ÞFig. 2 plots the distributions of rzz and Nxx along the x-axis for diﬀerent deformation ratios D/(b/), which
shows that, when D/(b/) < 1, part of the eﬀective vertical stress in the elastic layer is in tension which creates
compression force in the reinforcement.
4. Solutions for tension-only reinforcements
The solutions derived in this section are applicable to the bearings with the reinforcements which only have
tension stiﬀness to sustain tension force, but do not have any rigidity to sustain compression force, referred to
as ‘tension-only’ reinforcement here. When the elastic layer is under compression in the vertical direction, the
attached reinforcements are stretched in the horizontal direction and create the constraint eﬀect on the elastic
layer, whereas, when the elastic layer is under tension in the vertical direction, the attached reinforcements are
shortened in the horizontal direction and do not have any constraint eﬀect on the elastic layer.
Considering the deformation shown in Fig. 1, denote c as the x-coordinate of the starting point from which
the reinforcement is subjected to tension in c < x < b. In b < x < c, the normal force in the tension-only rein-
forcements becomes Nxx = 0, so that Eq. (17) becomesFig. 2. Stress distributions of elastic layers with linear reinforcements (S = 20, R = 0.01, m = 0.495).
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j
¼ 1 2m
1 m
D
t
þ /
t
x
 
ð27ÞSubstituting this into Eq. (11) gives the eﬀective vertical stress in b < x < c asrzz ¼ 
E
1 m2
D
t
þ /
t
x
 
ð28ÞFrom Eq. (27), it is knownpðcÞ
j
¼ 1 2m
1 m
D
t
þ /
t
c
 
ð29ÞBased on this equation and pðbÞ in Eq. (13), the solution of p in Eq. (22) for c < x < b can be derived. Using the
derived p, the eﬀective vertical stress deﬁned in Eq. (11) has the form in c < x < b asrþzz ¼
E
1 m2
6m2S2
ð1 mÞa2b2
D
t
þ /
t
b
 
sinh aðx cÞ
sinh aðb cÞ þ
D
t
þ /
t
c
 
sinh aðb xÞ
sinh aðb cÞ
 	
 1þ 6m
2S2
ð1 mÞa2b2
 
D
t
þ /
t
x
 

ð30ÞFrom Eq. (17), the normal force of the reinforcement in c < x < b isNxx ¼ 6EmS
2
ð1 m2Þa2b2 D 1
sinh aðx cÞ
sinh aðb cÞ 
sinh aðb xÞ
sinh aðb cÞ
 
þ b/ x
b
 sinh aðx cÞ
sinh aðb cÞ 
c
b
sinh aðb xÞ
sinh aðb cÞ
 	 

ð31ÞAccording to Eqs. (9) and (10), the compression force and bending moment can be found byP ¼ 
Z c
b
rzzdxþ
Z b
c
rþzzdx
 
ð32Þ
M ¼ 
Z c
b
rzzxdxþ
Z b
c
rþzzxdx
 
ð33Þwhich give the matrix form asP
Eb
M
Eb2
( )
¼ a1 a3
a3 a2
  D
t
/
t b
( )
ð34Þwitha1 ¼ 2
1 m2 þ
6m2
ð1 m2Þð1 mÞ
S
ab
 2
1 c
b
 2 cosh aðb cÞ  1
ab sinh aðb cÞ
 
ð35Þ
a2 ¼ 2
3ð1 m2Þ þ
2m2
ð1 m2Þð1 mÞ
S
ab
 2
1 c
3
b3
þ 3 1
c
b
ðabÞ2  3
1þ c2
b2
 
cosh aðb cÞ  2 cb
ab sinh aðb cÞ
2
4
3
5 ð36Þ
a3 ¼ 3m
2
ð1 m2Þð1 mÞ
S
ab
 2
1 c
2
b2
 2 1þ c
b
  cosh aðb cÞ  1
ab sinh aðb cÞ
 
ð37ÞIt should be noted that the solution presented in this section is based on the tilting deformation shown in Fig. 1
where the reinforcements are subjected to tension in c < x < b, so that the tilting angle / must always be
positive, but the thickness reduction D can be positive or negative.
The variations of the coeﬃcients ai with the starting point c are plotted in Fig. 3(a) for the bearing which
has S = 20, R = 0.01 and m = 0.495. The tension zone of the reinforcement is reduced when the c value is mov-
ing from b to b, which leads the magnitudes of a1 and a2 decrease. The magnitude of a3 has a larger value
near c = 0 and becomes zero at c = ±b. When c = b, the reinforcements are fully in tension; Eq. (34)
Fig. 3. Coeﬃcients in stiﬀness matrix and position of starting point (S = 20, R = 0.01, m = 0.495).
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and (25). When c = b, the reinforcements do not sustain any tension; Eq. (34) becomesP
Eb
¼ 2
1 m2
D
t
ð38Þ
M
Eb2
¼ 2
3ð1 m2Þ
/
t
b ð39Þwhich is the force-deformation relation of the elastic layer without reinforcement. When b < c < b, a3 6¼ 0
means that compression force and bending moment are coupled with thickness reduction and sectional tilting.
The force-deformation relation in Eq. (34) is not linear, because the starting point c shown in the coeﬃ-
cients ai of the stiﬀness matrix is varied with the deformations D and /. An iteration scheme must be applied
to ﬁnd the starting point c for the given D and /. The iteration is initiated by setting c(1) = b and applying the
Newton–Raphson method on Eq. (31) to ﬁnd the root x0 so that Nxx(x0) = 0 for the corresponded staring
point c(1). The next iteration is carried out by setting c(i+1) = (c(i) + x0)/2 until the value of c converges. In each
iteration, an initial guess for x0 is required when using the Newton–Raphson method to ﬁnd the root x0. The
following initial guess for the Newton–Raphson method is appliedx0 ¼
b if D 6 b/
D=/ if b/ < D < b/
b if DP b/
8><
>: ð40ÞFig. 3(b) plots the initial guess of x0 and the converged value of c as functions of the deformation ratio D/(b/),
which indicates that the initial guess of x0 can be treated as the upper bond of the starting point c.
Using the solved starting point c, the distributions of rzz and Nxx along the x-axis for diﬀerent deformation
ratios D/(b/) are plotted in Fig. 4, which shows that the reinforcement is subjected to tension at the place
where the eﬀective vertical stress of the elastic layer is negative; the small positive rzz exits at the place where
Nxx = 0.
Since the staring point c is ﬁxed for a particular deformation ratio D/(b/), the coeﬃcients ai are not changed
as long as the ratio of D/t to b//t is the same. In other words, when the deformations D/t and b//t are changed
by the same scale, the forces P/(Eb) and M/(Eb2) will be linearly varied with the same scale.
The variations of compression force and bending moment with thickness reduction for a ﬁxed tilting angle
are plotted in Fig. 5. When DP b/, the bending moment is constant and the compression force linearly
reduces the thickness like an elastic layer with linear reinforcements. When D 6 b/, the bending moment
is constant and the tension force linearly increases the thickness like an elastic layer without reinforcement.
Therefore, when / = 0, the curve of compression force becomes bilinear and the curve of bending moment
is M = 0.
The variations of bending moment and compression force with tilting angle for a ﬁxed thickness reduction
are plotted in Fig. 6. When D = 0, the constant deformation ratio, D/(b/) = 0, gives the ﬁxed c point which
Fig. 5. Compression force and bending moment varied with thickness reduction (S = 20, R = 0.01, m = 0.495).
Fig. 4. Stress distributions of elastic layers with tension-only reinforcements (S = 20, R = 0.01, m = 0.495).
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jb//tj 6 1, the compression force is constant and the bending moment linearly varies with the tilting angle like
an elastic layer with linear reinforcements. When D/t = 1 and jb//tj 6 1, the tension force is constant and the
bending moment linearly varies with the tilting angle like an elastic layer without reinforcement.
To check the accuracy of the proposed solution procedure, a nonlinear ﬁnite element analysis on a bearing
of 20 elastic layers has been carried out. In the ﬁnite element analysis, each elastic layer is modeled by four
layers of the 4-node plane-strain elements with incompatible bending modes. The reinforcement is modeled
by the bilinear elastic bar elements which have zero stiﬀness in compression. The results of the ﬁnite element
analysis are plotted in Figs. 4–6, which indicates that the solutions of the proposed procedure are consistent
with the ﬁnite element solutions.
From Eq. (34), the deformation of elastic layer can be expressed in terms of the applied force and moment,D
t
/
t b
( )
¼ 1ða1a2  a23Þ
a2 a3
a3 a1
  P
Eb
M
Eb2
( )
ð41ÞA similar iteration scheme can be applied to calculate D and /. The iteration is initiated by setting c(1) = b
and calculating the corresponded coeﬃcients ai from Eqs. (35)–(37) for the corresponded staring point c
(1).
Then D and / from Eq. (41) are calculated, which will be applied in Eq. (40) to set the initial guess x0 for solv-
ing Nxx(x0) = 0 by the Newton–Raphson method. The next iteration is carried out by setting
c(i+1) = (c(i) + x0)/2 until the value of c converges.
The variations of thickness reduction and tilting angle with compression force for a ﬁxed bending moment
are plotted in Fig. 7. The variations of tilting angle and thickness reduction with bending moment for a ﬁxed
Fig. 6. Bending moment and compression force varied with tilting angle (S = 20, R = 0.01, m = 0.495).
Fig. 7. Thickness reduction and tilting angle varied with compression force (S = 20, R = 0.01, m = 0.495).
Fig. 8. Tilting angle and thickness reduction varied with bending moment (S = 20, R = 0.01, m = 0.495).
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shorten the thickness of the elastic layer and reduce the tilting angle, and increasing the bending moment will
enlarge the thickness of the elastic layer and increase the tilting angle.
Fig. 9. Deformation of bearing.
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The deformation of an inﬁnite-strip bearing of height H = 2h, which consists of multiple elastic layers of
width 2b interleaving with reinforcements, is shown in Fig. 9. The bottom of the bearing is ﬁxed against
any displacement and rotation, whereas the top of the bearing is allowed to move horizontally and vertically
but is still constrained against rotation. The top of the bearing is subjected to a horizontal shear force F and a
vertical compression force P. The f-axis denotes the centroidal axis of the bearing in the vertical direction with
the origin located at the bottom of the bearing. Deformation of the bearing can be described by the three vari-
ables: the horizontal displacement t and the vertical displacement x of the centroidal axis, and the rotation
angle w of the cross-section. Since the thickness of an elastic layer is much smaller than the height of the bear-
ing and is much larger than the thickness of the reinforcement, the deformation of the bearing can be treated
as a homogenous column by using the following equivalent relation with the deformation of the elastic layer:dx
df
 D
t
ð42Þ
dw
df
 /
t
ð43ÞThe shear stiﬀness of the bearing used for seismic or vibration isolation is usually much less than the com-
pression stiﬀness or the resistance of bending, so that the shear deformation has to be considered in the defor-
mation analysis of the bearing. The slope of the deformed column axis is equal to the summation of the
rotation of the cross-section w and the angle of shear deformation cdt
df
¼ wþ c ð44ÞThe constitutive equation for the shear force V isV ¼ GAc ð45Þ
where G = 0.5E/(1 + m) is the shear modulus of the elastic layer and A = 2b is the cross-sectional area. Substi-
tuting Eq. (45) into Eq. (44) and using V = F yielddt
df
¼ wþ F
GA
ð46ÞSince the lateral deformation of the bearing is anti-symmetric to the middle height of the bearing (f = h)
where dw/df = 0 and the bending moment M = 0, the bending moment acting at the ends of the bearing isM0 ¼ Fh ð47Þ
Fig. 10. Vertical displacement and sectional rotation of bearings varied with compression force without buckling eﬀect (S = 20, R = 0.01,
m = 0.495, h/b = 2).
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m = 0.4M ¼ M0  F f ð48Þ
The ﬁrst-order diﬀerential equations in Eqs. (42), (43) and (46) for the three dependent variables t, w and x
can be solved by numerical method. The values of D/t in Eq. (42) and //t in Eq. (43) are calculated from Eq.
(41) by using the bending moment M in Eq. (48).
The deformation of the bearings with tension-only reinforcements are solved by the fourth-order Runge-
Kutta method with the step size h/50. The vertical displacement at the top of the bearing and the rotational
angle of the cross-section at the middle height of the bearing are shown in Fig. 10 as a function of the com-
pression force. The x value is positive when the vertical displacement is downward. The negative x value
shown in the cases of the smaller compression force indicates that the center of the bearing is uplifted. The
cross-section rotation is reduced by increasing the compression force, because the tension zone in the rein-
forcement is increased and the bearing becomes stiﬀer. The same phenomenon can also be observed in
Fig. 11 where the horizontal displacement at the top of the bearing and the lateral stiﬀness of the bearing,
deﬁned as KH = F/t(H), are plotted as a function of the compression force. Fig. 11 shows that the bearing
has smaller lateral stiﬀness when subjected to larger horizontal force, until the compression force is increased
to a level that all the reinforcements in the bearing are in full tension where the response of the bearing
becomes linear and the lateral stiﬀness is independent of the applied forces.. Horizontal displacement and lateral stiﬀness of bearings varied with compression force without buckling eﬀect (S = 20, R = 0.01,
95, h/b = 2).
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In the deformation analysis of the bearings, the secondary moment created by the compression force due to
large shear deformation is not negligible. With this secondary moment, the bending moment acting at the ends
of the bearing shown in Fig. 9 becomesM0 ¼ Fhþ PtðhÞ ð49Þ
The bending moment M in the bearing can be expressed asM ¼ M0  F f Pt ð50Þ
For the small angle w, the shear force V in the bearing can be simpliﬁed asV ¼ F coswþ P sinw  F þ Pw ð51Þ
Using Eqs. (45) and (51), Eq. (44) becomesdt
df
¼ 1þ P
GA
 
wþ F
GA
ð52ÞThe bending moment M in Eq. (50) is varied with the unknown displacement t(h) as shown in Eq. (49).
Starting from the assumption t(h) = 0, the corresponding M value is used in Eq. (41) to calculate the value
of //t shown in Eq. (43). Then, by solving the ﬁrst-order diﬀerential equations in Eqs. (43) and (52) through
numerical method, the horizontal displacement of the bearing can be calculated. Using the revised t(h), the
same procedure is repeated until t(h) reaches a stable value. The horizontal displacement at the top of the
bearing is t(H) = 2t(h).
For the bearing with linear reinforcements, substituting Eq. (25) into Eq. (43) leads todw
df
¼ M
EbI
ð53Þwhere I = (2/3)b3 is the moment of inertia of the cross-section area and Eb is the eﬀective bending modulus
deﬁned asEb ¼ MtI/ ¼ E
1
1 m2 1þ
6m2S2
ð1 mÞa2b2 1
3
ðabÞ2
ab
tanh ab
 1
 " #( )
ð54ÞDiﬀerentiating Eq. (52) with respect to f and using Eqs. (50) and (53) givesd2t
df2
þ 1þ P
GA
 
P
EbI
t ¼ 1þ P
GA
 
M0
EbI
 F
EbI
f
 
ð55ÞBased on the boundary conditions at the bottom: t(0) = 0 and dt(0)/df = F/GA, the horizontal displacement
of the bearing with linear reinforcements can be derived, from which the lateral stiﬀness of the bearing
KH = F/t(2h) can be derivedKH ¼ PH
1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
q 1þ GAP
 q
tan 1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
1
q 1þ PGA
 
P
GA
q 
 1
ð56Þwhere H = 2h is the height of the bearing and q = EbI/(GAH
2) is the ratio of bending rigidity to shear rigidity.
Eq. (56) is the solution of Haringx’s theory for the stability analysis of columns including shear deformation
(Kelly, 1997; Tsai and Hsueh, 2001; Tsai and Kelly, 2005).
The lateral stiﬀness for the bearings with tension-only reinforcements is solved by the fourth-order Runge-
Kutta method with the step size h/50 and is plotted in Fig. 12 as a function of the compression force to com-
pare with the bearings with linear reinforcements. For the bearings with tension-only reinforcements, diﬀerent
horizontal forces have diﬀerent curves of lateral stiﬀness. In general, the lateral stiﬀness decreases with increas-
ing the compression force, except for the cases that both the horizontal and compression forces are small. Each
curve reaches a point that the numerical analysis cannot converge, which means the horizontal displacement is
Fig. 12. Lateral stiﬀness of bearings varied with compression force with buckling eﬀect included (S = 20, R = 0.01, m = 0.495).
2848 H.-C. Tsai / International Journal of Solids and Structures 45 (2008) 2836–2849very large and the structure becomes unstable. When the horizontal force is small, this unstable point happens
at higher lateral stiﬀness, which indicates that, if the compression force starts to increase from zero, the bear-
ing will suddenly collapse when the compression force reaches the unstable point.
7. Conclusion
In the elastic layers bonded with linear reinforcements, the thickness of the layer is reduced by the compres-
sion force and the surface of the layer is tilted by the bending moment; the responses of the compression force
and the bending moment are not coupled. In the elastic layers bonded with tension-only reinforcements, these
responses are coupled unless the reinforcements are entirely in tension. The coupled response relation which is
not linear depends on the length of the tension zone in the reinforcement. The length of the tension zone varies
with the ratio of the thickness reduction to the tilting angle. Therefore, if the compression force and the bend-
ing moment are changed by the same proportion, the thickness reduction and the tilting angle will vary by that
proportion.
For the bearings of laminated elastic layers interleaving with tension-only reinforcements, increasing the
compression force will extend the tension zone in the reinforcements and enhance the lateral stiﬀness of the
bearing, which seems to be able to reduce the lateral displacement of the bearings. But if the secondary
moment created by the compression force is considered, increasing the compression force will add more bend-
ing moment on the bearings and increase the lateral displacement. The vertical buckling load of the bearings
with tension-only reinforcements varies with the lateral force and is smaller than the buckling load of the bear-
ings with linear reinforcements.
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